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1. Introduction 

Throughout this paper, we use the C^-topology on the space of metrics on a manifold. 
The main result will be the following theorem: 

Theorem 1.1. Let be a three-manifold. There exists an open, nonempty set of metrics 
on M for each of which there are stable embedded minimal two-spheres of arbitrarily large 
area. 

This answers affirmatively a question posed in |CM04j . In [CM99j . T. H. Colding and 
W. P. Minicozzi II proved an analogous theorem, stating that there exists an open set of 
metrics on M such that there are embedded minimal tori of arbitrarily large area. This 
result was extended to surfaces of positive genus in |Dea03j by B. Dean. The genus zero 
case has remained an open problem since then, largely due to the fact that the fundamental 
group of a sphere is trivial. 

The approaches to building the positive genus surfaces followed a simple structure. One 
considers a closed three-dimensional submanifold of the unit three-ball which is thought of 
as a subset of the larger manifold. A sequence of surfaces is then constructed such that 
the area, allowing for certain variance of the surface, seems to approach infinity. Given any 
element of this sequence, a result by R. Schoen and S. T. Yau (see |SY79j ) is used to show 
that there is a stable minimal surface which closely approximates this element. The final 
step is to show that the area becomes unbounded. 

The result of Schoen and Yau mentioned above states that given a closed non-simply 
connected embedded surface with for which the inclusion map induces an injection of the 
fundamental group, one can always find a closed embedded stable minimal surface of the 
same genus whose fundamental group has the same image under the induced map from 
inclusion. Replacing this is a result by W. Meeks III, L. Simon, and S. T. Yau (see [MSY82j ) 
in which one can find a set of closed stable embedded minimal surfaces which is obtained 
from the original by pinching off parts of the surface and varying each isotopically. This is 
discussed in detail in section (jl]). 

It should also be noted that J. Hass, P. Norbury, and J. H. Rubinstein constructed em- 
bedded minimal spheres of unbounded morse index in |HNR03] by methods which are sig- 
nificantly different than those presented here. Also, in contrast of the main theorem, H. 
Choi and A. Wang proved in |CW83] that there is an open set of metrics, namely those 
with positive ricci curvature, for which there is a uniform area bound on compact embedded 
minimal surfaces depending only on the genus and the ambient metric. The author also 
suspects that it may be possible to provide a bound (depending on the metric) for the genus 
of any embedded minimal surface in the unit ball. 
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The author would hke to thank Professor Minicozzi for bringing this problem to his at- 
tention and his continued guidance. 

2. Notation 

In this paper, / = [0, 1] C M will denote the unit interval. For a subset f/ of a topological 
space X, U° will be the interior and U will be the closure of U in X. For a continuous 
function f : X ^ Y , f^, will denote the map induced on homotopy and im{f) = f{X) will 
be the image of /. 

Let be an arbitrary three dimensional differentiable manifold. we will say U G N is 
homotopic to U' G N if there is a continuous homotopy (f : I xU ^ N such that fo{U) = U 
and ifi{U) = V. A subset ?7 C is said to be homotopically trivial if U is homotopic to a 
point. 

An isotopy (also known as an ambient isotopy) from a set U G N to the set U' G N is a 
continuous one parameter family of diffeomorphisms (f : I x N ^ N such that foiU) = U 
and ^pi{U) = U' . T{U) will denote the class of sets in A^ isotopic to U . 

We will use the following notation to define surfaces with multiplicity. Let rrii G Z and 
T,i G N closed. We define the sum miSi + . . . mRT^R be the set {(m^, Ej) -.1 = 1... R}. 
Given Eq + mE, if E has a smooth choice of unit normal, X(Eo + (mE)) will denote the 
isotopy class of the union of Eg and the graphs of the constant functions ke/m over E for 
k = 1, . . . ,m where e is arbitrarily small. We define X(Eo U OE) to be X(Eo). 

If A^ has a riemannian metric, the area of a subsurface E will be denoted |E|. 

3. Construction of Mk/2 

Consider the open unit ball B2 G and let r{x,y) = {—x,y) where x,y are the usual 
Euchdean coordinates. Choose two disjoint closed sub-disks Di,D2 G {{x,y) G B2 : x <0}. 
Let Q be the closure of B2 - {Di U D2U r{Di U D2)). Let L' = {{x,y) g B2 : x = 0} = 
{{x,y) G Q : X = 0} and xq G L' . 7ri(fi,xo) is generated by the loops ai, [3i, a2 = T*(ai), 
and P2 = where cti and /?i go around Di and D2 counterclockwise respectively. For 

n e Z, define 7„,7n+i/2 e 7ri{^l) as 

(3.1) 7n = («lA)"«r'(«lA)'"(«2/52)"«2(«2/52)-" 

(3.2) 7n+i/2 = («i/9i)"ai(«i/9i)-"-'(«2/?2)"+'«2"'(«2/52)-" 
(see figure (13. 3p ). 

For k G Z choose an embedded curve Ck/2 G 7^/2 such that r{im{Ck/2)) = im{Cki2)- 
Define A^ to be the three manifold obtained by rotating Vt about the center line V . That is 
A^ = r2 X M/ ~ where ~ represents the equivalence relations 

i. (x, e) ~ (x, e') for xgL' and 6,6' gB. 
a. (x, 6) ~ (x, ^ + 2k'K) for A; G Z 
iii. (x, 6) ~ (r(x), 6 + {2k + 1)tx) for k G Z 

We define to be surface obtained by rotating Ck/2 about L'. Then A^ is diffeomorphic 
to a solid two-sphere minus two unlinked, unknotted tori, and Mk/2 are two-spheres hooking 
around the tori. We let L = {(x, 6)/ r^: x G L'}. 

We also define p : N {{x,y) G B2 ■ x > 0} as p{x,y,6) = {x,y) if x > and 
p{—x, y) = po r(x, y) if X < 0. This is well defined and continuous. We call a subset U G N 
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Figure 3.3. ai, (3i, a^, /32, and 72 



rotationally symmetric if U = p~^{V) for some subset V of the image of p. We also define 
a euclidean e-neighborhood of U C to be the set {{x E N : d{x,U) < e} where d is the 
euchdean metric induced by this construction. Note that if U is rotationally symmetric, then 
so is any euclidean e-neighborhood. 

We also define two other surfaces which will come in use later. Let 7t = cuif^i and 
7.9 = «i/9i/9^"'^q;2^^ be elements of 7ri(f2). Choose an embedded curve Ct G 7t such that 
Ct lies on one side of L' in fl and choose an embedded curve Cs € 75 such that Cs is 
symmetric with respect to reflection about L'. Then define T and S by rotating Ct and Cs 
respectively about L' as described above. Conceptually, T is a torus containing both of the 
torus components of dN and is a sphere containing both of the tori which is homotopic to 
the spherical component of dN. We can assume, without loss of generality, we have chosen 
and S such that Mk/2 fl = 0. 

Proposition 3.4. If Mk/2 is homotopic to M1/2, then I = k. 

This necessarily implies isotopic distinction as well. To prove this, we will need a few 
higher homotopy results. Let X be a path connected space. For a path •j : I —>■ X with 
7(0) = Xq and 7(1) = Xi, we can define a natural change of base point map (also called 7) 
from TTniX, xi) to nn{X, xo) as follows: let yi, . . . , be coordinates for 7" and let U — {y E 
: 1/4 <yi< 3/4 for i = 1 . . .n}. Choose a map g : I"^ - U ^ I with ^(97") = and 
g{dU) = 1. Then for [/] e 7r„(X,a;i), let : ^ X be defined as: 



(3.5) f,{y) 



[log{y) iiye{I--U) 
\/(2(yi-l/4),...,2(y„-l/4)) if y e [/ 



We let 7([/]) = [/y] (note that this is homotopically independent of our choice of g). If 
Xo = Xi, then this represents an action of G = 7ri(X, xq) on 7r„(X, xq). For A G 7r„(X, xq), 
we call GA = {'-/A : 7 G G} the orbit of A. We let On{X) denote the set of orbits in 7r„(X). 

In the following lemma, we will let Sn{X) be the set of homotopy classes of maps from 
into X. 

Lemma 3.6. Let q : ^ S" be the quotient map taking dl" to a single point and for 
[/] £ T^niX) let f : S'^ ^ X he the map such that f — f oq. Let © : 7r„(X) Sn{X) be the 
map ©([/]) = [/]■ is surjective and ifQ{A) = Q{B), then B = jA for some 7 G G. That 
is, 6 gives a natural one to one correspondence between On{X) andSn{X). 
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Figure 3.8. Respectively: N', A'^, B'^, a', and /3' 



Remark: The one dimensional analogue is the well known result that there is a one to one 
correspondence between conjugacy classes of vri(X) and homotopy classes of maps from 
into X. 

Proof. Let [/] e S"'{X). Let f = f o q and let 7 be a path connecting the base point xq of 
TTn{X,xo) and f{dl"'). Then 0(7[/]) = [/], and surjectivity is proven. 

Assume 0([/]) = ©([fi'])- Then there exists a homotopy such that (^0 = / and (^1 = g. 
Let 7:/x/^Xbea one parameter family of paths defined as 7i(s) = (fst{(l{dl"'))- Let 
(f be the homotopy ipt = {.Vt{f))if This gives a homotopy between / and g^^, thus we have 
[/]=7iM □ 

We will call a basis 03 for 7r„(X) a natural basis if for every basis element A G 03 and 
7 G 7ri(X), 7^4 G 03. For 5 G 7r„(X), define $(5) as the number of nonzero coefficients in 
the expression B = '^Ae'S^^^- Clearly $(-B) = $(7.8) for 7 G 7ri(X), so $ is constant on 
orbits. Lemma (13.61) gives a one to one correspondence between C„(X) and iS„(X), so we 
can define unambiguously $(/) = $(0^^([/])) for any f : S'^ X . Again, $ is constant on 
homotopy classes. 

Proof of proposition. N is homotopically equivalent to the wedge sum of two two-spheres 
with a line connecting the north pole of one with the south pole of the other through the 
connecting point. Call this space N' (see figure (13. 8p ) and let : X —> X' be a homo- 
topy equivalence. Also note that N' is homotopically equivalent to the wedge sum of two 
two-spheres and two copies of S^. This means the universal covering space of N', N', is 
homotopically equivalent to the universal covering space of A (the well known "tree" ) 
with two two-spheres at each vertex. Since the universal cover is simply connected, n2{N') 
is homomorphic to the second homology H2{N') which is the direct sum of countably many 
copies of Z, one for each sphere. Since the n'th homology of a space is homomorphic to n'th 
homology of any cover for n > 2, we get that tt2{N') is also the direct sum of countably 
many copies of Z. More specifically 

(3.7) MN')= (Z©Z) 

Q!g7ri(Af') 

We can find generators of vr2(X') as follows: Let = J x J c R^. Choose a base point 
Xo G N' as the north pole of the top sphere. Let A' G 7i2{N,xo) be defined by mapping dP 
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to xq and P over the top sphere. Define B' G tt2{N,xo) by mapping to xo, stringing 
P around the side of the top sphere and over the bottom sphere (see figure (13. 8p ). For 
7 G '7ri(A^', Xo), we will define A'^ = 7A' and B'^ = 7!?'. We now have a set of generators 
for 7r2{N',Xo), namely {^A'^, B'^l'-y G 7ri(A^', Xq)}. For convenience, we let C = A' + B' and 
= 7C". We let A^ = ^:\A'^), B^ = (p-\B'^), and = (p:\C'^). Without loss of 
generality, we can assume that we have chosen the orientation of A' and B' such that there 
is an element of C which is embedded in N. 

Let a' and /?' be generators of 7ri(A^',a;o) such that a' goes around the side of the top 
sphere to the intersection point and back through to Xq and f3' goes through the middle top 
sphere, around the side of the bottom sphere, and back though the center of each (see figure 
(13. 8p ). Also let 7' = a'P' be the path going around side of both spheres and back through 
the center. Again, let a = (a') (3 = 4>~^{13') 7 = 0^7^(7')- 

Let fk/2 be the inclusion map on C N . We can see that [fk/2\ = ©(-0^/2) where 



(3.9) 



(3.10) 



Dfi — ~\~ ~1~ . . . ~t~ C'yn — l A^tLq, — ! C'yrLQ, — 1^—1 ... C/ynQ,— 1^ — n 

n 

= A^n^y-l -\- ^ ^ C^riQ,-!^ — fcj 

k=l 

DnA-ll2 ~ ~1~ • • • ~1~ C^n—l ~t~ A^n C^yn^ ... C^n 



n+1/2 — "T '-^7 ~r • • • ~r O^n-l -f- /±^n Ly^n^ ... Ly^n^^- 
n 

A^n -\- ^ ^ j^d^^fc — 1 C^tIq,^ — fcj C'yrif^'y — rL — l 



n-1 



k=l 



for n E 1j. (Note the similarity between the last term in each and equations (13. ip and (13.21) ) 
So = 2k + l and since $ is constant on homotopy classes, all fk/2 are all homotopically 

distinct. □ 



4. Compression and Meeks-Simon-Yau 

We would like to be able to find an area minimizer in the isotopy class of Mk/2- To do so 
we will use following result by W. Meeks III, L. Simon, and S. T. Yau. 

Given an mean convex three-manifold and an embedded subsurface Sq C A^, we can 
find a sequence G X(So) such that — > infsgx(So) The main theorem in [MSY82j 
shows that there is a subsequence (still called Sfc) and compact embedded minimal surfaces 
S«,...,S(-f^) such that 

(4.1) Sfe nil 

in the Borel measure sense. That is, for any / G Cq{N) 



Moreover, if gj = genus (S'^-'^), then we get 

(4.3) ^nij {gj-l) + Y^ mjgj < genus(Eo) 



2 
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where U = {j : T,^^^ is one-sided in A^} and O = {j : is two-sided in A^}. Also, if Eq is 
two-sided, then each Ti^^^ is stable. We will call miS*^^^ -|- . . . -|- mjiT.^^^ the Meeks-Simon- Yau 
minimizer or the MSY-minimizer for Sq. 

To describe the relationship between Mk/2 and Tin\ it is necessary to briefly cover 7- 
reducibility. Let So be a compact surface without boundary (possibly with more than one 
connected component) embedded in a three- manifold A^^. For U,V O N, let UAV denote 
the symmetric difference {U — V) U {V — U) . 

For 7 sufficiently small, we say the surface S C A^ is a 7-reduction of S (denoted S S) 

if 

(1) |SAS| < 27 

(2) S — S is diffeomorphic to an open annulus. 

(3) S — S consists of two components, each diffeomorphic to the open unit disk. 

(4) There exists B ^ N homeomorphic to the open unit three-ball such that B is disjoint 

from S U S and 95 = SAS. 

(5) In the case that S is not connected, each component is either not simply connected 
or else has area > 5^/2 where 5 is a fixed number depending only on the injectivity 
radius of A^ (see Lemma 1 of |MSY82] l 

In other words, E S if E can be obtained from E by "pinching" off a small part of the 
surface. We say E is 7- irreducible if there is no 7-reduction of E. 

Proposition 4.4. Given Eq, rrij, and E*^-'-' as described above, there is a pair of finite 
sequences, {Ej}^!^Q and {E.}*Lq, such that E^ G X(Ej) for all i, Ej+i E^, and Ej, G 
J(ujLimjE(^)). 

Proof. This is a rewording of remark (3.27) of |MSY82] . □ 

The requirement that we have two sequences is due to ([1]) in the definition of 7-reduction. 
If we drop this restriction and modify ([5]) by only requiring that the spheres be homotopically 
non-trivial, we get a completely topological definition as follows. 

Definition 4.5. A surface E is called a compression of a homotopically non-trivial surface 
E, written E <^ E if 

(1) Every connected component of E is homotopically non-constant 

(2) E — E is diffeomorphic to an open annulus. 

(3) E — E consists of two components, each diffeomorphic to the open unit disk. 

(4) There exists BON diffeomorphic to the open unit three-ball such that B is disjoint 

from E U S and 95 = EAS. 

We now have an analogue of proposition (14.41) for compression. 

Proposition 4.6. Given Eq, ruj, and E^-'^ as described above, there is a finite sequence 
{Ej}|^Q such that Ej+i <^ Ej for i = 0, . . . , k — 1, and E^ G X{uf^imjT.^^'^) . 

Proof. All that is needed to be shown here is that none of the 7-reductions in proposition (14.41) 
result in a surface with components which are homotopically trivial. If so, that component 
which is homotopically trivial is isotopic to a surface which is arbitrarily small and thus 
shows up as a surface with multiplicity in Ylf=i '^jE*^-'^. Thus, this step of the reduction 
can be omitted without consequence. □ 
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Consider the case of being defined as in section ([3]) with a metric defined in such a 
way that is mean convex, and Sq = Then there is a sequence Sfc/2,« for which 

\^k/2,i\ infEex(j\/4/2) |S| and which the sequence converges to Sk/2 = '}2''^k/2,j^k/2 

Borel measure sense. Since ZI^"y2 embeds into A^, which can be embedded into M^, we must 

have that each sided in N. Therefore, since Mk/2 is genus 0, equation (14.31) tells 

us 

R 

(4-7) ^rnk/2,j9j<0 

i=i 

So each ^1^/2 embedded stable minimal sphere. 

For an example of compression, take D to be the disk with boundary along the "lip" 
of Mk/2 and consider the surface obtained by "cutting" Mk/2 along D (i.e., replacing the 
annulus A = {x & Mk/2\d{x,dD) < e} with D moved in both normal directions by a 
distance of e). This compression is isotopic to M(^k-i)/2 U S. As it turns out, this is one of 
only two isotopically distinct compressions of Mk/2- To show this, we will first show that 
every compression of Mk/2 can be done such that one of the components of the compression 
is rotationally symmetric. 

Proposition 4.8. If J] is a compression of Mk/2 then S has two connected components, one 
of which is isotopic to S and the other is isotopic to either M(^k+i)/2 or M(^k-i)/2 

To prove this, we will introduce the following notion of a surface containing another set. 
We will say a surface M G N encapsulates a set U if for all x G f/ any path connecting 
X to the spherical component of dN intersects M non-trivially. Note, in particular, that 
any surface T,k/2 G 1{,Mk/2) encapsulates one and only one of the torus components of dN . 
Moreover, for all integers n, all M„ encapsulate the same torus and all M„_|_i/2 encapsulate 
the other. Also notice that any sphere which encapsulates both torus components of ON is 
isotopic to 5* 

Lemma 4.9. Let E ^ Mk/2 ■ Then there exists a surface S' G X(S) such that S' ^ Mk/2 
and for which one of the components of S' is rotationally symmetric. 

Proof. Let Si and S2 be the disjoint spherical components of S and let Z)i = Si — Mk/2, 
D2 = S2 - Mk/2, and A = Mk/2 - Let 5 C A^ be the open ball with dB = AU DiU D2. 

Because 'n'i{Mk/2) = and Mk/2 is rotationally symmetric, we can find an isotopy ip of 
such that ipi{Mk/2) = Mk/2 and ^/'i(S) is another compression of Mk/2 such that ip{dDi) and 
ip{dD2) are rotationally symmetric circles in M„. Without loss of generality, we will assume 
that dDi and dD2 are rotationally symmetric. 

Each component of S encapsulates at least one torus component of ON . Otherwise, one 
of the components would bound a ball in A^ and be homotopically trivial, contradicting the 
definition of compression Moreover, one component of S encapsulates the other. If not, then 
each would encapsulate a separate torus, B would he in the region outside both spheres, and 
S would have resulted from a compression of a surface which encapsulates both tori. Since 
Mk/2 encapsulates only one, this cannot be. Say S2 encapsulates Si. 

If S2 encapsulates only one torus, then the region between S2 and Si is homeomorphically 
S"^ X (— e, e). B would have to lie inside this region. Mk/2 would then bound a ball in A^ and 
be homotopically trivial, a contradiction. 
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Thus, Ti2 encapsulates both tori and is isotopic to S. Therefore we can find an isotopy 
which fixes S' — D2 and takes S2 to a rotationally symmetric surface. □ 

Remark: Since Di is homotopic to AU D2, there is an isotopy of S which takes Di to 
a rotationally symmetric disk in the euclidean e- neighborhood of AU D2, thus we can, in 
fact, choose both components of S' to be rotationally symmetric. The full result, however, 
is unnecessary in the following proof. 

proof of proposition \4 ■ S\ Throughout this proof, if 7 is a curve, we will use 7 and im(7) 
interchangeably. 

By lemma (14. 9p . there exists a compression S' G for which one of the components 

is rotationally symmetric. Let D'2 = — Mk/2 where Eg is the component of S' which 
is rotationally symmetric. Now consider 7m = p{Mk/2) and 'Jd = p{D'2) as subsets of 
Qi/2 = im{p). Also let L' = p{L). Since Mk/2 and D'2 are embedded and rotationally 
symmetric, 7m and are embedded 1-dimensional curves. Moreover, they are connected 
so we can consider 'yM,lD '■ I — > ^1/2 as curves. 

7£) has one endpoint in L' and another in jm- The endpoints of 7m split L' into three line 
segments. S2 is isotopic to 5* so 7^) must lie in the component of Q1/2 — 7m containing p{S) 
and the endpoint of 7^ in L' must lie in one of the two outer subsegments of L' — 7m. 

Let £ be the set of line segments in the component of ^li/2 — 1m containing 7/) with one 
endpoint in 7m and the other in V . Define the equivalence relation ~ on £ as follows: 5 ~ 5' 
if there exists a homotopy of 5 such that the endpoint of 5 which is in 7m remains in 7m 
and the endpoint in V remains in L' for the entire homotopy. The component of i7i/2 — 7m 
containing 70 is a homeomorphically a disk minus a sub-disk so tti of this component is Z. 
Since the endpoint of 71) in V is contained in one of two path connected components, there 
is a one to two correspondence between Z and £/ ~. Representatives of these are shown in 
figure fl4.10p with Mq chosen for simplicity. We can see that there are only two possibilities 
for which 7^) (and thus D'2) is embedded, both of which correspond to the compression 
described. □ 
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To conclude this section, we will prove proposition fl4.12p which concerns compression and 
the infimum of areas in isotopy classes. 

Lemma 4.11. Let S' ^ S and e > 0. There is an isotopy (p of H which fixes E' and for 
which < +e. 



Proof. Since S'AS bounds a ball there is an isotopy which takes fixes S' and which takes 
S — E' to a region which approximates S' — S with a thin tube connecting both disks. The 
tube can be made arbitrarily small, and the resulting surface has area less than + e □ 

Proposition 4.12. Let /i' = infggj^^^,-) |S| and /i = infggjj-^) IfT,' ^ S, then /i' > /i. 

Proof. Let if be an isotopy of S' such that < fi' + e. V5(S) is an compression of ^p{^'), 

so by lemma (14.111) . we can find S isotopic to V'(S) with area less than |y9(Zl')| + e. So we 
have 

(4.13) < |S| < |^(S')| +e < /i' + 2e 

Allowing e to go to zero, we have our desired result. □ 

5. Minimal Spheres 

Let Sk/2 be a MSY-minimizer for Mk/2- Let Smin and Tmin be the MSY-minimizers for 
S and T respectively. We let fik/2 = |5'fc/2|, o" = |S'mm|, and r = |Tmj„|. In this section, we 
show that, under certain restrictions on the metric for A^, we can guarantee a subsequence 
of 5*^/2 which are isotopic to 

Lemma 5.1. There exists an integer m such that Sk/2 ^ ^{M(^k+m)/2 U \m\Smi„) 

Proof. By proposition (14. 6p . we know that there is a finite sequence Mk/2 = So ^ • • • ^ S„ 
such that S„ G X{Sk/2)- If n = 0, then m = and we are done. Assume n > 1. Proposition 
(14. 8 p tells us that e X{M(^k±i)/2 U S') so if n = 1, then m = ±1 and we are also done. 
So assume n> 2. First notice that, by proposition (14.120 . we have 

(^•2) ^'^/^ = .il) ^ .if.,) 1^1 ^ • • • ^ ,if,„) 1^1 = /^'^/^ 

The last equality comes from the fact that Sk/2 is the MSY-minimizer for Mk/2- Therefore 

(5.3) inf |E| = /ifc/2 for all < / < n 

If G X(Mj/2 US') where / < n, i is a constant and S is some surface, then E/^i is isotopic 
to either Mi^i±i)/2 U SU S oi Mi/2 U S' where S' <^ S. Inductively we get that for < / < n, 

G X(M;./2U5') for some S which is obtained from compressions of possibly multiple copies 
of S. Note that /j+i is equal to either /j ± 1 or /j 

We claim that /j is either non-decreasing or non-increasing. To show this, assume that for 
some < i < j < n we have li = Ij. Assume there is an intermediate term i < a < j such that 
Ict^h- without loss of generality we can assume that that Z^+i ^ li. Let = M U 5* where 
M G X(M;,^/2), then we can say S^+i = MUSUS where M U ^ < M and S^- = M' US' US' 
where M', S", and S' derive from a chain of compressions of M, 5* and S respectively. To 
put it neatly 

(5.4) Si = M U S > M U S U S > . . . > M' U ^' U 5' = 




Figure 5.8. The cross section of a surface approximating T^m (bold) and M' 



Using the fact that M' e I{Mi^/2), we get 
(5.5) ^MJSI 

(5.6) 



inf ISI 

S6J(Sj) 



inf |S| 

S6J(5) 

a + inf I S I 

seJ{5) 



and li is either 



Since a ^ 0, this contradicts equation fl5.3p . so for all i < a < j , 1^ 
non-increasing or non-decreasing. So we have Sk/2 G I{M(^k+m)/2 U 5*) for some S. 

To figure the exact nature of S, consider again the fact that if Sj G I{Mi-/2 U ^) then Sj+i 
is isotopic to either M(;.±i)/2 U 5* U 5* or to M;-/2 U S' where 5" -C 5*. Since every step of the 
chain is of one of these forms, we see that S must have resulted from compressions of the 
"leftover" components in the former compression (i.e., the components isotopic to S). Since 
this step happens exactly |m| times, S must have resulted from a compression of a surface 
which was isotopic to \m\S, and since Smin minimizes area in this isotopy class, we get that 

S e I{\m\Smin)- □ 

Lemma 5.7. There exists a constant c such that fik/2 ^ kr + c 

Proof. is isotopic to a surface M' which hooks around one of the torus components 

of dN, loops around in a region arbitrarily close in area to kT, and caps off with disks in 
the middle (see figure (15. 8p ). If we allow the hook and the disks to remain fixed, we find a 
surface with area less than kr + c + e where c is the area of the disk and the hook, and e is 
arbitrarily small. Letting e — > 0, we get our desired result. □ 



Lemma 5.9. If t < a, then there is a sequence ki such that Ski/2 £ 2r(Mfe./2). Moreover 
"is unbounded. 

Proof. By lemma (15. ip . for each k there is an € Z such that Sk/2 ^ 2r(M(fc_m^)/2 U \mk\S). 
If there is no such sequence then \k — mfc| < K for some large K and all A;, hence fik/2 = 
/i(fc-mfc)/2 + mka. Then we have 



(5.10) 



\k-K\a fJ'(k-mk)/2 + mkO- 
a = hm ; — — < hm — — 

I^k ^ ... kr + c 
= hm — < hm — ; — = r 

fc— >oo k fc— >oo k 
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Here the first inequality comes from tlie fact that {fik '■ \k\ < K} is a finite set and the 
second inequality is lemma (15.71) . But this violates our assumption that t < a, therefore 
such a sequence must exist. 

So assume there is a bound for area. By [Sch83] , there is a constant C such that for small 
enough r and p G (0,r], 

(5.11) sup \A\^ < ^ 

where -Br-p is a ball of radius r — p and Ai is the second fundamental form 5'fc./2- Ski/2 is a 
sequence of stable, compact, connected, embedded minimal surfaces without boundary with 
a uniform bound on area and second fundamental form, therefore, by lemma (1) of |Dea03] 
there is a compact connected embedded minimal surface without boundary, E, to which the 
sequence converges with finite multiplicity. By the maximum principle, we can see that for 
large Skj2 are coverings of E, and since the MP^ does not embed into (and thus A^), 
E must be a sphere and the multiplicity of convergence must be 1. Therefore, for large 
Ski/2 £ 2r(E), which contradicts the fact that Mk/2 are isotopically distinct. □ 

Lemma 5.12. The set of metrics on N for which N is strictly mean convex and t < a is 
open and non empty 

Proof. Let ghe a, metric on for which t < a and g some other metric. Let F : (A^, g) —>■ 
{N,g) and let kp and Kp be the minimum and maximum for \df\ respectively. Let f and a 
be the counterparts of r and a in the new metric. Also, we let |E|g and |E|^ be the area of 
E in the respective metrics. Note that fcj|E|g < |E|p < Kir|E|p. Then we have 

f — a= inf |EU — inf lEU < i^'^ inf lEL — fc^ inf lEL 
]^3^ sgx(t) sex(5) sex(r) sex(5) 

= KpT — kpa 

Choose a constant e such that xt < a for all x < 1 + e. Then if < 1 + e, the right-most 
part of the above equation is negative and we get f < a. Thus the set of metrics for which 
r < (T is open. Proposition (1) in |Dea03] states that the set of metrics for which A^ is mean 
convex is both open and non empty, so our set of metrics is indeed open. We need now only 
show the intersection of these two classes is non-empty. 

Let X = (p, 6, z) be cylindrical coordinates for and for r < 1, let 



V = {xem^:{p-iY + {z--Y<-} 



n2 , / , ^^2 



T- = {x eR' : ip-iy + iz + -y < -} 

^^•^^^ 5 = {x G : ||x|| < 2}, N = B- (T+ U T, 



r 

2 I ^2 



Tr = {x : {p- ly + = r} 
C = {xeB:p<^} 

So N = B — (T+ U T~) is as before. Also, note that G X(T) and \Tr\ = An'^r. Let g be 
the euclidean metric on A^. By proposition 1 in [DeaOSj . we can find / G C^{N) which has 
support in an e neighborhood of dN for which A^ with the metric g = e^-^g is mean convex. 
Fix g to be the metric for A^. 
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Notice that for any surface S G I{S), S fl C contains at least two disks with area at least 
7r/4. So, if r < l/Svr, we have 

(5.15) r < 47rV < 7r/2 < ci 

and with g has the desired properties. □ 

Proof of Main Theorem. Let be a three-manifold. embeds into a three dimensional 
ball which can in turn be embedded into M, so we will consider to be a subset of M. The 
open set of metrics is that described in lemma fl5.12p . for each of which there is a sequence 
of stable, embedded two-spheres with arbitrarily large area as described in lemma (15.91) . □ 
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